Consider two conditions on a graph: (1) each 5-cycle is not a subgraph of 5-wheel and does not share exactly one edge with 3-cycle, and (2) each 5-cycle is not adjacent to two 3-cycles and is not adjacent to a 4-cycle with chord. We show that if a planar graph G satisfies one of the these conditions, then G is 4-choosable. This yields that if each 5-cycle of a planar graph G is not adjacent a 3-cycle, then G is 4-choosable.
Introduction
The concept of list coloring was introduced by Vizing [13] and by Erdős, Rubin, and Taylor [4] , independently. An assignment L for a graph G assigns a list L(v) for each vertex v. If |L(v)| = k for each vertex v, then we call L a k-assignment. A graph G is L-colorable if we can color G with each vertex has a color from its list and no two adjacent vertices receive the same color. If G is L-colorable for any k-assignment L, then we say G is k-choosable.
Thomassen [12] proved that every planar graph is 5-choosable. Voight [14] and Mirzakhani [11] presented the examples of non 4-choosable graphs. Additionally, Gutner [7] showed that the problem of determining whether a planar graph is 4-choosable is NP-hard. This leads to the interest of finding some nice sufficient conditions for planar graphs to be 4-choosable. If a planar graph has no 3-cycles, then it has a vertex of degree at most 3. Thus it is 4-choosable. More sufficient conditions are founded, for examples, it was shown that a planar graph is 4-choosable if it has no 4-cycles [10] , 5-cycles [9, 16] , 6-cycles [6] , 7-cycles [5] , intersecting 3-cycles [17] , intersecting 5-cycles [8] , 3-cycles adjacent to 4-cycles [2, 3] , 5-cycles simultaneously adjacent to 3-cycles and 4-cycles.
In this paper, we prove the following theorems.
Theorem 1 If each 5-cycle of a planar graph G is not a subgraph of 5-wheel and does not share exactly one edge with 3-cycle, then G is 4-choosable.
Theorem 2 If each 5-cycle of a planar graph G is not adjacent to two 3-cycles and is not adjacent to a 4-cycle with chord, then G is 4-choosable.
The following corollary is an easy consequence.
Corollary 3
If each 5-cycle of a planar graph G is not adjacent a 3-cycle, then G is 4-choosable.
Preliminaries
First, we introduce some notations and definitions. A k-vertex (face) is a vertex (face) of degree k, a k + -vertex (face) is a vertex (face) of degree at least k, and a k − -vertex (face) is a vertex (face) of degree at most k.
A trio is a graphs consist of a vertex set of five elements, namely {x, y, z, u, v, w}, and an edge set {xy, xu, xv, yv, yw, uv, vw} (see Fig. 2 ). We call s on a 3-cycle f a good vertex of f if f is not in any trio, a bad vertex of f if f is in a trio and is the only 3-cycle on that trio that s is belong to, a worst vertex of f if s is on f and all other 3-cycles, otherwise s is called a worse vertex of f. We call a face f is a bad (worse, or worst, respectively) face of a vertex v if v is a bad (worse, or worst, respectively) vertex of f. Proof. Let L be a 4-list assignment of G.
(1) This is a well-known fact, see e.g. [10] . 
Lemma 6 A minimal non 4-choosable graph G does not contain a subgraph isomorphic to one of the configurations in Fig. 2 .
Proof. Let L be a 4-list assignment of G. Suppose G contains a subgraph H isomorphic to one of the configurations in Fig. 2 . By minimality of G, the graph G − V (H) has an Lcoloring. An orientation and availability of colors for every vertex are shown in Fig. 2 . Since EE(G 1 ) = 2 > EO(G 1 ) = 1, EE(G 2 ) = 3 > EO(G 2 ) = 1, and EE(G 3 ) = 2 > EO(G 3 ) = 1, each G i satisfies Theorem 5. Thus we can extend an L-coloring to G, a contradiction.
3 Main results and proof Theorem 7 If each 5-cycle of a planar graph G is not a subgraph of 5-wheel and does not share exactly one edge with 3-cycle, then G is 4-choosable. Figure 3 : Three Subgraphs of G 3 3 The following corollary is an easy consequence.
Corollary 9
We use the same proof for Theorems 7 and 8. In fact the proof of the latter is easier because it does not involve a trio.
Proof.
Suppose that G is a minimal counterexample. The discharging process is as follows. Let the initial charge of a vertex v in G be µ(v) = 2d(v) − 6 and the initial charge of a face f in G be µ(f ) = d(f ) − 6. Then by Euler's formula |V (G)| − |E(G)| + |F (G)| = 2 and by the Handshaking lemma, we have
Now, we establish a new charge µ * (x) for all x ∈ V (G) ∪ F (G) by transferring charge from one element to another and the summation of new charge µ * (x) remains −12. If the final charge µ * (x) ≥ 0 for all x ∈ V (G) ∪ F (G), then we get a contradiction and the proof is completed.
Let w(v → f ) be the charge transfered from a vertex v to a face f. The discharging rules are as follows. According to (R5), it remains to show that the total increased charge of three 3-faces in each trio is at least 9 (or in the other words, the summation of their new charge is 0.) If the degree of a worst vertex is at least 5, then each vertex send charge at least 1 to its incident face. So we assume that a worst vertex has degree 4 and it sends charge totaling 3 · (2/3) = 2 to three faces in a trio. By (R2)-(R4), each of the remaining vertices in the trio sends charge at least 1 to its incident face in a trio. Note that a 6
+ -vertex v in the trio sends charge totaling 2 · (1.5) = 3 to two faces in the trio if v is a worse vertex, otherwise it sends charge 2 to a face in the trio according to (R4). Additionally, a 5-vertex v in a trio sends charge totaling 2 · (1.25) = 2.5 to two faces in the trio if v is a worse vertex, otherwise it sends charge 1.5 to a face in the trio according to (R4). Thus total increased charge is at least 9 if the trio has a 6 + -vertex v or two 5-vertex. Use Lemma 4 and 6 to eliminate the remaining case. This completes the proof.
It is interesting to see that whether one can reduce some restrictions in Theorems 7 or 8 but a planar graph is still 4-choosable.
